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Abstract 

We construct a path distribution representing the kinetic part of 
the Feynman path integral at discrete times similar to that defined 
by Thomas [5, but on a Hilbert space of paths rather than a nuclear 
sequence space. We also consider different boundary conditions and 
show that the discrete-time Feynman path integral is well-defined for 
suitably smooth potentials. 
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1 Motivation and basic set-up 

1.1 Feynman path integral as a path distribution 

In the Lagrangian formulation of quantum mechanics one defines the action 
of a particle as an integral of the Lagrangian over the time duration of the 
motion: 

/■*/ 

S{xf,tf;Xi,ti)= / dt L{x{t),x(t),t). 
Jti 

In general, the Lagrangian L{x(t),x(t),t) depends explicitly on the time, 
as well as on the position x{t) and the velocity x{t) of the particle. For 
one-dimensional motion, the Lagrangian has the form 

L{x{t),x{t),t) = -x{tf - V{x{t),t) , 

where the first term is the kinetic energy term and V{x{t)^t) is the external 
potential. The time-evolution of a wave function \E'(a;,t) is then given by 

'^{xf,tf) = j K{xf,tf;Xi,ti)'^{xi,ti)dxi, (1.1) 

where the propagator K{xf,tf; Xi,ti) is given by a path integral of the form 

K{xf,tf;xi,ti)= [ e^^(^^'*/^^-*»)/^P[x(t)]. (1.2) 



Here P[a;(t)] indicates a putative "continuous product" of Lebesgue measures 
P[x(t)] = riteCij tf) dx{t). (Note that the action S above is a functional of the 
path x{t).) It is a formidable mathematical challenge to make sense of this 
path- integral concept. Feynman himself interpreted it loosely as a limit of 
multidimensional integrals. However, as Thomas pQ remarks, even the finite- 
dimensional integrals are not proper integrals, though they can be defined as 
improper integrals. It was already noted by Cameron ^ that the path inte- 
gral cannot be interpreted as a complex-valued measure. In fact, as Thomas 
and Bijma [3] show, it cannot even be interpreted as a summable distribution 
because the summability order diverges as the number of integrals tends to 
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infinity. Various alternative approaches have been proposed to interpret the 
Feynman path integral as a limit of regularised integrals, e.g. [H El E]- The 
'Eucidean approach' of 'Wick rotating' the time in the complex plane has 
led to the development of Euclidean quantum field theory, which has been 
the most successful way of constructing examples of quantum field theories. 
However, this still leaves open the question as to how the path integral ob- 
ject should be interpreted mathematically. De Witt-Morette [7j has argued 
that it should be a kind of distribution, but her approach was formal rather 
than constructive. The It6-Albeverio-H0egh Krohn [8] approach was more 
constructive. They gave a definition of the path integral as a map from the 
space of Fourier transforms of bounded measures to itself and were able to 
show, using a perturbation expansion, that this is well-defined for potentials 
which are also Fourier transforms of bounded measures. Although the latter 
approach assigns a clear meaning to the path integral, it is rather restrictive 
in that the space of Fourier transforms of bounded measures is somewhat un- 
wieldy and more importantly, because the space of such potentials is rather 
small. In [T], Thomas initiated a different approach, with the aim of defining 
the path integral as a generalised type of distribution, which he called a path 
distribution. In fact, this project is only at the beginning stages. In [1], 
he constructed an analogue of the path integral in discrete time, where the 
paths are sequences in a certain nuclear sequence space. In this paper, we 
simplify his approach by defining the path distribution on a space of paths 
in a Hilbert space instead. This makes the construction more explicit and 
the technical details less demanding. 

In the following, we set m = 1 and h = 1 for simplicity. Discretising the 
action to a finite subdivision cr = {ti, tn} with = to < ti < ■ ■ ■ < tn < T 
and X = (xi, ..,x„) G M" we can consider different boundary conditions. For 
Dirichlet boundary conditions (DEC) we have 



x{t = 0) 



0; x{t = T) =Xt , 



and 



S{Xt,T; 0,0) 



lim5f^^)(XT,T;0,0), 



where : 




+ f)(.1.3) 



x{t = 0) = 0; x{t = T) = vt 
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in which case the action depends on the initial position and the final velocity 
S — S{vt, T; Xi, ti), so that 



S{VT,T-Q,Q)^ lim 



= vt, T; xo = 0, to = , 



where 



g{MBC) 



\ in+1 in 



Vt, tn+i = T ; xo = 0, to = 



(1.4) 



1 t2 — ti ti J 



The corresponding Feynman distributions are as follows 



p{DBC) 



exp 



i ( {Xt - Xn)^ , (Xn - Xn-l) 



^ I {x2-xiy ^ X\ 

ti — t\ t\ 



+ 



n 



in tn—1 

dxi 



(1.6) 



and 



1 / {Xn ~ Xn-lf ^ ^ {X2 - Xif ^ xj^ 

2 V tn — tn-l ti — ti ti 



n 



dxi 



\ yj2m{ti - ti_i) 



(1.7) 



for the (MBC) with vt = 0. 

The Fourier transform of F^- is obtained by computing the covariance 
matrix as the inverse of the coefficient matrix. In the case of mixed boundary 
conditions this yields 



fc=l 



kXk 



(e, K,i) = ^^Mi withi^i,,- = min (i^, tj). (1.9) 
The case of Dirichlet boundary conditions is slightly more complicated: 



Ff"'' = ( exp 



k=l 



^piDBcA 



I V2iTTT 



[1.10) 
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(e, = E ^1?^^^^- ^ithirfP = mill iU, t,) (^1 - i max(t„ t,)^ . 

(1-11) 

Remark. Notice in particular that (1 , pj;-^^^'"^) = 1 whereas 
(1 , Fa^^''^^) = -^==e~^-^T in accordance with M- 

Both p';P^'^^ and p^^^'^^ are summable distributions of sum-order n + 1 
by Theorem 3.1 of [IJ. 

As in p, we now change our point of view and fix t„ — t„_i = 1 and seek 
to define a hmiting distribution on a space of sequences (xj)^i as n — )• oo. 
Rather than on a nuclear sequence space, however, we will construct a path 
distribution on a Hilbert space of sequences. 



1.2 Feynman-Thomas Measure on 

The main idea of [Ij is to define the path 'integral' as a path distribution 
obtained as the derivative of a measure. Because the order of the distribution 
is 2 in each variable we need to take 2 derivatives in each variable. We 
therefore define the differential operators 




(1.12) 



where the positive constants are arbitrary. It has a corresponding Green's 
function Mq, given by 




(1.13) 



that is, 

^('^^M^") =5(xi)...5(x„). (1.14) 

We can now define the path distribution F^^^ given by (11. 7p as the deriva- 
tive 

of a bounded complex- valued measure /i*^"^ which by f ll.l4p is given by the 
convolution product m!^^ * F^^\ It can be evaluated using the representation 

^g-l^l/" ^ / ^g-«//3^ 

2a io /3 V2^' 

and yields an explicit formula for what we may call the Feynman-Thomas 
measure on the finite sequence space M": 
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Definition 1.1 The Feynman- Thomas measure /i^"-* on M" is defined by 



(n) 



l'^^\dS^"'^) Gy^(n) {xi, . . . , Xn)dXi . . . dXn 
[0,+oo)" 

(1.16) 



where 

n 

zy(")(rfS(")) = JJ -e-'^'^^ds, with (3i = 2(x\ (1.17) 

and the Fourier transform of the complex Gaussian G^(n) (xi, .., x„) is given 
by 

G^(.)(ei,..,e.) = e-<-^'"'^'"''«'"'>/^ (1.18) 
where ^("^ = (6,---,^n) e and w/iere = + iK^''\ S^""^ = 

diag{si, . . . , s„) anc? K^'^^ = min (i, j). 

It was shown in [1| that /i*^"-* is a bounded complex-valued measure on 
R". The aim of this work is to prove that there exists a measure n on an 
infinite dimensional Hilbert space of paths, given by the projective limit of 
the finite- dimensional measures i.e. /i = l^m 

2 Hilbert spaces of paths 
2.1 Regularized-/^ spaces 

We introduce a family of Hilbert spaces of sequences labelled by a real pa- 
rameter 7: 

00 

= mr=, e M°°i j^^^e- < +00}. (2.19) 

i=l 

This is a Hilbert space with inner product given by 

00 

(e,C)7 = E^*^^^' (2.20) 



1=1 



(Notice that obviously /q = ^^0 
We have the obvious lemmas 

Lemma 2.1 The set of vectors {e-'^''}^^, given by the sequences 



is an orthonormal basis of the Hilbert space I'i. 



and 



Lemma 2.2 The Hilhert spaces l'^ and are dual w.r.t. the duality bracket 

oo 
i=l 

where C = {^^1 e I', and (' = (CD^^i e 

We shall construct the Feynman-Thomas measure on a space /^^ for 
a 7 > large enough. The advantage of the Hilbert space approach is that 
we can use the following theorem due to Sazonov for the existence of the 
projective limit, the proof of which is quite simple: see the Appendix. 

Theorem 2.3 (Sazonov) Let (/i^^^) ATgN be a projective system of bounded 
measures on the dual T-L' of a separable Hilbert space T-L, i.e. there is an 
orthonormal basis {ei}'^i of T-L with dual basis {e[}°Z-^ such that /x*^^) is a 
bounded (in general complex-valued) measure on the span of {e[, . . . ,e'j^}, 
such that for M > N , 7r^(/i*^^)) = iJi'^^\ where tt^ is the projection onto the 
span of {e'^, . . . , e'^}. Assume that there exist positive measures such that 
< i/jv and which are uniformly bounded: 

sup I It^Arl I < +00, 
and such that the Fourier transforms $jv : ^ C given by 

(where tin is the projection on the span of {ci, . . . , e^} ) are equicontinuous at 
^ = Q in the Sazonov topology, i.e. for alle > there exists a Hilbert- Schmidt 
map u G B{'H) such that 

\\u^\\<l =^ |$jv(0 -^iv(0)| < e VneN. 

Then there exists a unique bounded Radon measure /i on Ti'^, where the sub- 
script a denotes the weak topology, such that 7i'jsf{fi) = fi^^^ for all N eN. 

To determine the projective limit of the complex-valued measures /x*^"^^ 
above, we apply this theorem to auxiliary positive measures which dominate 
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2.2 Construction of auxiliary measures on 

We want to construct an auxiliary measure fj,aux to give a majorisation of the 
modulus of the Feynman-Thomas measure /x, see Definition ll.il Indeed, if we 
can prove that this auxiliary measure is strongly concentrated on an Hilbert 
space /^^ for some 7 > 0, then it follows that fi is also strongly concentrated 
on /^^ since < fiaux- (We remark that the covariance K = liuin^^ K^^^ 
must then be considered as a map K : ^ f^^ with kernel Ki^j = min(i, j), 
so that , K ^) = Ylii j -^ij^i^j-) The auxihary measure Haux will be the 
projective limit of the measures iiiux given by 

li^^l{dx^...dxn)= I |G^w(a;i,..,x„)|z/(")(ci5("))da;i...(ia;„ (2.21) 



where G'^(n(a;i, ..,x„) and u{dS^'^^) are defined in Definition 11.11 

The Fourier transform with respect to x of the auxiliary measure is defined 

by: 

^n{0 = I &{dx, . . . dx^) e^<^-'"' (2.22) 



The aim is now to show that the measures on satisfy the condi- 
tions of Sazonov's theorem. Then it follows that the projective limit 

exists on /^^ w.r.t. the weak topology. 
Evaluating fl2.2ip we have 

/iil(dxi...dx„) = f z/(")(d5("))exp -^(x("\3f?e((A("))-i)x(")) 

X dx^...dxn ^2.23) 



(27r)"/2 v/det(S(") + ii^W) 

where x*-"^ = (xi,...,x„). To compute the Fourier transform, we need to 
determine i?'-"^ = (9fte(A*^"))^^) ^ . Omitting the superscripts for simplicity, 
we have 

With C = S-^I^KS-^I^, 

^ + ^Cy^ = ^ + C^)-\I-^C) 
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and since C is real, 

= S^'\I + C^)S^'^ = S + KS-^K. 

Thus 

= (gfJe(A("))-i)"^ = + K^^)[S^^))-^K^^). (2.24) 

We also compute 

|G^(„)(x)|d'^x 



VldetAWf 
Using 

|detA| = (det^)|det(J + iC)| = (det ^) det(J + C^)] det(J - 

and 

detS = (det^) det(/ + C2) 

we have 



\Gji^(n){x)\dx 



V|detA(")| 

= ^1 det(/ - z(5("))-V2ir(n)(5("))-i/2)|. (2.25) 
The Fourier transform with respect to the sequence x*^"^ is then: 

$„(0 = / zy(c/^W)e-«*"''^'"'«'"'>/y I det(l - z(5W)-iirW)|, (2.26) 



where C^'^^ = (^i,..^„) and where = 5(")+r("), with = ir(")(^("))-iis:('^). 

Define the map B = S + T , with F = KS^^K, which is the inverse of the 
real part of the inverse of A, i.e. B = (Re{A~^)) \ as a map — )■ /^^. Then 
the Fourier transform of the limiting auxiliary measure /j^aux on /^^ will be 
given by: 



$(^) = y z/(rf^)e-^<«'^«>/Vl det(l - 2S-iK)|, e e (2.27) 
2.3 Uniform boundedness 

It is clear from (12.251) that the norm of the measure /iiux is given by 



ll/iilll = / uidS^''^)^\detil-^iSi-)y^Kir^'>)\. (2.28) 
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Lemma 2.4 We have 



lklll<+oo, 



sup I ir-aitx 



z/ the following condition holds 



Kj- < +CXD 

new . , 
«=1 



where 



(n) 



I 12 



Proof: We omit the superscripts n as before. Define Kij 
Si = Si/ Pi. Then 



(2.29) 



and 



Rescahng, we have 



z/(c/^(") ) ^|det(/-i(S-V2A-S-i/2) I 



/" e-(^'i+-+^'") W I det (/ - t{S-y^kS-y^ 

JR^ V ^ 

f d'^S e-(^'i+-+^'") W I det - 

t/ V 



This can be estimated as in [Ij by means of the Hadamard inequahty 



|det(A("))| < Y[ 
1=1 

It follows that (omitting the tilde on s 



\ 



.|2 



(2.30) 



r I poo 

/ e-(^i+-+^") J I det(/ - tS'^k) I < n / e-^(l + ^'s-^)!/^ 

(2.31) 

Using 

(1 + x)^/^ < 1 + x^/^ 
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ioT s < K and 



for s > K we obtain 



Therefore 



j z/(rfS(")) I det (/ - 1/27^5-1/2) I < JJ (^1 + ^/t,^ < exp 



9 " 



4 

i=i 



(2.32) 
□ 



Corollary 2.5 S'et i^'jj = i A j and assume Pi = ci^ for come c > and 
S>0. Then 

supll/iilll < +00 z/5 > -. 



neN 



Proof. 



N"')^ = El'f«P = =-'^E^ (2-33) 

j=i i=i ■' 

= c-V^^f-^ + c-V-^ X^r^ (2.34) 

jr = l j=i+l 

We use the following estimates: 

2-6 i^-' 

^ 1 + / dzz^~" = 



CX) „QQ 



3-5 3-5 



5 ^ 



j=i+l 



6-1 



with the condition 6 > 2 (and 5 7^ 3). 

If (5 < 3 then it follows that the both terms in f l2.33p behave like i^"^*^ and 
hence sup^gp^ Yl^=i '^i"^ < +^ Xli^i "^^'^ < +c>o, i.e. 5 > 5/2. If 5 > 3 the 
first term dominates and behaves like (or i~^\ni) and the sum Yl^=i '^1"'* 
is also bounded. □ 
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2.4 Equicontinuity of the quadratic forms 

It remains to determine when the quadratic form {B^, ^) is continuous in the 
Sazonov topology. Since 

m,o\<\{^,so\ + \{^,m, 

it suffices to find two Hilbert-Schmidt maps us and ur such that: 

\{^,SO\<\\us^\\\ 

\{c,m<\M\'- 

Here we note that by unitary equivalence, the image Hilbert space is arbi- 
trary. We construct the maps ur, ur : ^ l^. 

Lemma 2.6 The quadratic form {SC,,C,), ^ G for some 7 ^ 0, is con- 
tinuous in the sense of Sazonov topology for v— almost every S — {si)i>i 
if 

I < +00. (2.35) 

i 

Proof: 

Let S — (sj)i>i. Then, 

since S is diagonal and positive. We therefore choose us — VS and obtain 

00 

1=1 

00 00 
i=l 1=1 

This holds for i/— almost every S if : 

y / '-^u{ds) = y / ^^e-^'/'^^ ^ y < +00. 



□ 
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Lemma 2.7 The quadratic form TC,) , ^ G for some 7 ^ zs continuous 
w.r.t. the Sazonov topology for u— almost every S if 



E 



i=l 



\K.j\ 



< +00. 



(2.36) 



Proof. Since F = KS ^K, we have 

|(e,roi = \{s-'/'K^,s-'/'KO\ = \\s-'/'m' 

because S is diagonal and positive and K is symmetric. Therefore we choose 
Mr = S~^/'^K and have the following condition: 



I'^rll^s = ll'S' "^^^-^112,7 < +00 for V — a.e.S 



We compute the Hilbert-Schmidt norm: 



i=l 

00 00 



i=i j,fc=i 



00 00 ^ 



1 2,-7 



i=i j=i 



Since 



it suffices if 



aj < +00 =^ E^ < +00 



i=l 



i=l 



00 ^ 



-7 7 



< +00. 



Now, 



s/f} 



'0 

SO the condition fl2.36p follows. □ 



ds 
J 



(2.37) 
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Existence of the Fey nman- Thomas measure 
on P 



-7 



Theorem 3.1 Consider the map K : /, 

7 > 



7 ^ 



^ with Kij = iAj, and assume 
|. Then there exists a unique path distribution on l^^ such that 

ft G»2 



given by Fx = Dfi where D = YU 



=1 



2 dx^ 



and 



where fi is a bounded Radon measure strongly concentrated on w.r.t. the 
weak topology. 

Proof. It suffices to prove that the auxihary measures satisfy the condi- 
tions of Sazonov's theorem. By the above lemmas, it suffices if the following 
conditions hold: 

A = i^ with (5 > -; 



— < +oo; 



i=l 



and 



\K,.i\ 



< +00. 



The ffist two conditions hold if 7 > | and the corollary of Lemma 12.41 then 
shows that the last condition is also fulfilled. □ 

Corollary 3.2 Suppose that the potential V ■.'K M. belongs to £^'^\'R), i.e. 
it is twice continuously differentiable with bounded first and second deriva- 
tives. Moreover, let {Xj)'^i be a sequence of positive constants such that 
YlJLi/^j^j < +00, where the constants /3j satisfy the conditions of the above 



lemmas, in particular if (3j = 
integral' 

^exp 

exists. 



ci 



with S > 5/2. Then the Feynman 'path 



Proof. This follows from the theorem since 



exp 



—I 



D exp 
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where /i is the Feynman- Thomas measure. It therefore suffices if 



D exp 



D exp 



is bounded. But 



n |l + {i\,V"{x,) + \]V'{x,)) ] exp 



□ 

Remark. In particular, one can take \j = e~^-^ for small e > 0. This is 
quite common procedure in scattering theory, known as 'adiabatically switch- 
ing off' the potential. 



4 Concluding remarks 

We have defined the Feynman 'path integral' with the initial condition xq = 
at t = 0. It is straightforward to modify this definition to allow for a general 
boundary condition x{t) = Xk aX t = k for an arbitrary integer k. Formally, 
one then has 



= exp 



_ n=k+l 



n 

:=k+i 



dxi 



(4.38) 



Denoting 



p{MBC)\^ 



(4.39) 



exp -i^V{xj)\j 

j=k 

\E'fc plays the role of a wave function at time k. There is then an obvious 
recursion relation: 



"^kiXk) 



exp 



)''-iV{Xk)\k 



^k+l{Xk+l 



dxk^ 



1 



(4.40) 



This equation is the analogue of the integrated Schrodinger equation in the 
negative-time direction, i.e. \E't = e**-* ~*^'^\E'j' (t' > t). (It might therefore 
have been better to define the Feynman path integral from — oo to k instead. 
This would represent an incoming wave from t = — oo to the present.) Note 
that the integral kernel in fl4.40p defines an operator on the space £^^°°^(M) of 
infinitely differentiable functions with bounded derivatives (if V has bounded 
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first and second derivatives). This follows easily by integration by parts, 
wfiicfi is tlie essence of tlie distributional approach. 

Note that in the Albeverio - H0egh Krohn approach they assume that V 
is the Fourier transform of a measure, and expand e-^I^(.^(^))dt _ Assuming 
that "^k+i is also the Fourier transform of a measure, i.e. 



V{x) = J e'^^uidy) and ^k+iix) = / e'^y i^k+i{dy) , 
we can do the same here: 



^k{xk) = 22^-1- J u{dyi) . . . J u{dyn)e' 



n=0 

X / fik+i{dy) 



/2z7r 

oo 



X [ fik+iidy)e~iy"+'y^' 



n=0 



where 



(/> f^k) = Yl — i~ / ^{dyi)--- j ^{dyn) j fJ'k+iMe-iy f{yi+---+yn+y) 

defines a bounded measure. 

It is also of interest to consider the more general boundary condition at 
T — +00. Taking xq arbitrary, we define the classical path xi = Xq + vi, 
where v = limT-5.+oo vt is the limiting velocity. Replacing Xi by Xj + in the 
MBC action (11.41) it becomes 

g{MBC) _ ^ iv^{T — t ) + ^'^^ + Xi — {Xi-i — Xi-i)y 



2 \ . ti ti—l 

\ 1=1 

'-J2^^^+'-v'T + ^vix^-Xo). 

i=l * ^ ^ 



The second term on the right-hand side corresponds to the kinetic energy of 
a particle with velocity v. The factor e™^" represents an outgoing wave with 
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this velocity and et^^^e*''^'" its free evolution. One defines the kernel of the 
(adjoint) wave operator (fi~)* at momentum kout = v (remember that h = 1 
and m = 1 so that v = ^ = k) by omitting these factors and then taking 
n — )• oo. In the discrete-time case we obtain 



{Q y{kout,xo) 



V[x{t)] exp 



X exp 



i=i 



out-^O 



J = l 



\^exp 



^(^i + ^0 + kouti)\ - ik 



In scattering theory, one usually considers a time interval which is un- 
bounded in both directions. One then needs nontrivial boundary conditions 
at both ends. We put 



exp 



J2 {Xj-Xj^i] 
j=-n+l 



ndx j 



j=-n+l 



2in 



(4.41) 



Then the limit F^'^^ = lim„^oo i^i''^ is defined as a path distribution as above 
and the scattering matrix is defined by 



S {kout-! kin) 



exp 



-t ^(^i + ^0 + hnU A 0) + koutU V 0))A 

j=-oo 

y^^-i(kout-kin)xo p{sc) \ 



(4.42) 



In this case of course we must take \j = e ^'•'L If V decays sufficiently fast 
for |x| — > +00, it is known that the limit e — )■ exists. 



5 Appendix 

Here we give a proof of Sazonov's theorem based on [llj. We use a special 
case of Prokhorov's theorem [TU] : 

Theorem 5.1 (Prokhorov) Consider a separable Hilbert space % with or- 
thonormal basis (e„)„,gN; and let {^iN)Nm be a projective sequence of (in 
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general complex-valued) measures on %. Assume that supjygN \ \^^N\ \ < +00, 
and that for all e > 0, there exists a weakly compact set K G Ti such that 

|/i^|(7rjvW) < e ViVeN. 

Then there exists a bounded projective limit measure fi = Um/ijy on T-La such 
that jJiN = t^n{i^)- 

This theorem is proved by remarking that "Ho- is a completely regular 
topological space and therefore has a Stone-Cech compactification. Using 
the Riesz-Markov theorem, it then follows that it suffices to define 



(F, /i) = / Fd^i 
Jh 



for all bounded continuous functions F on Ti^j. One then defines {F, jj) = 
lim7v-!>oo / F o dum where : 'H'-^^ — )• "H is the canonical inclusion of the 
span of {ei, . . . , e^} into "H. The limit exists by Prokhorov's condition 
and the uniform continuity of F on compacta as in [T^. 
We also use a simple lemma from p3]: 



Lemma 5.2 Let v he a probability measure on and assume that for a 
given e > 0, there exists a positive definite N x N matrix A such that 



(e, AO < 1 

Then, for all R> 0, 



< e. 



iy{BN{Rr)<c(^e + ^TT{A) 
where c> is an absolute constant and B^^R) = {x G : ||x|| > i?}. 
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Proof. Since for ||x|| > R, e-ll=^ll'/(2«') < £-^2, we have 
(1 - e-'/'HB^{Rr) 

1{«:«,A€><1}---+ / 1{«:(«,A0>1} • • • 



□ 

Proof of Sazonov's theorem Let e > 0. By Prokhorov's theorem, we 
need to prove that there exists a (weakly) compact set K C H' such that 
\i^n\{'^n{^Y) < ^ Given 77 > 0, there exists a Hilbert-Schmidt 

map u on H such that 



where 



Kii<i \<i>N{o-^Nm<v, 



Set 

K^{xeH' : \\x\\ < R}. 

This set is weakly compact by the Banach-Alaoglu theorem. Now, if ^ G 
H'^^\ the span of {ei, . . . , ejv}, then 

00 N 
n=l m,m'=l 

where 

oo 
n=l 
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Hence A > and by the lemma applied to the probability measure — 

t^n/\\t^n\\, 

MBNiRT) < c I |i/jv| I (r? + 1^ Tr {A)) < c [t] + 

Taking R = \ \u\\hsV^V and i] = e/(2csup^gj^ | |z/7v| |), we have, since ttn{K) — 
BN{R),\pi(''^\{7rN{Ky)<e.D 
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